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Abstract: The paper considers the possibility of constructing a perturbation theory for problems of quantum
electrodynamics, which is based on the wave functions of so-called "dressed" electron, unlike traditional perturbation theory,
which uses the wave functions of the "bare" electrons. To investigate the wave functions of the "dressed" electron a numerical
investigation of associated Dirac-Maxwell equations was performed in the approximation of small electron pulses. An
expression for the energy eigenvalues of the considered self-consistent problem was found in a quasi-classical approximation
as well as an estimation of the lifetime of the "dressed" electron and the effective value of the electron charge.
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1. Introduction
Modern quantum field theory (QFT), without a doubt, is
the most rapidly developing branch of theoretical physics. Its
results are used in many related areas: the theory of
elementary particles, cosmology, condensed matter physics,
etc. All of the results of field theory can be divided into two
classes, obtained in the framework of perturbation theory
(perturbative) and the so-called non-perturbative. The first
class includes, for example, the results obtained using the
method of S - matrix. The boundary of the second class are
more difficult to delineate because it is constantly expanding,
adding new results. More details on this matter could be
found for example in books [1, 2].
In recent years, the development of QFT is marked by the
rapid development of the second trend, as the most
interesting and promising. Results of the first direction are
limited, mainly by the search of renormalization methods in
various models of QFT aimed at the elimination of nonphysical divergences in expressions for observable quantities.
It is clear that the divergences - are the inevitable defect of
perturbation theory, which uses as functions of zero
approximation the wave functions of the "bare" particles that

do not exist in nature 1.
It is possible to correct this deficiency of theory of
perturbation, choosing as the functions of zero approximation
wave functions of "dressed" particles. For example, in
quantum electrodynamics, such functions correspond to
states of particles surrounded by a cloud of virtual photons.
The present work is devoted to the study of such states.

2. Investigation of Maxwell-Dirac
Equations
At the heart of quantum electrodynamics (QED) lays the
Dirac equation for a particle of spin ½ which are solved
together with Maxwell's equations. We investigate these
equations using well-known expansion of the Dirac equation
in powers of с-1, where с – is a speed of light in vacuum [4].
In this approximation, the two components of the Dirac bispinor corresponding to the positron states are small, and the
equation for the two other (electronic) components, denoted
φ, are connected with Maxwell's equations, which are
reduced to equation for the electric field E = −∇Φ , where
Φ- is a scalar potential. The final equations look as follows

1 The possibility of "bare" particles detection in the scattering experiments was
often mentioned by E.L. Feinberg (see, for example, [3])
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Recall that due to the spinor nature of η the first equation
(4) represents two equations for each component η1,2
2

(1)

ϕ 
p = −iℏ∇, σ = {σ x , σ y , σ z }, ϕ =  1 
 ϕ2 

p - the electron pulse operator, σ i - the Pauli matrices, ϕi
- spinor component corresponding to the opposite directions
of spin (i =1, 2), е – elementary electric charge, m –mass of
an electron. Equations (1) are valid with the precision up to с2
[4]. If we additionally put a requirement of smallness of the
electron velocity, in the first equation can be omitted
amendments ~ c-2 containing operator p . We also assume
spherical symmetry of the problem. In the static case
ϕ (r , t ) = ϕ (r ) exp(−iε t / ℏ)
and
introducing
value

2

2

regardless to their entanglement, and η = η1 + η2 .
If we change the sign of the right side of the second
equation to the opposite one, then we arrive at the wellknown system of Schrödinger-Newton equations which were
numerically investigated in the works [6, 7]. By analogy, the
equations (4) can be called as Schrödinger-Maxwell
equations, or given made simplifications as the SchrödingerPoisson equations. With their help, we can explore the
behavior of an electron being in a cloud of virtual photons.

3. Numerical Study of the Equations (4)
Fig. 1 shows the results of a numerical study of the
equations (4)

ω = ε − mc 2 , we reduce the equations (1) to the system of
equations
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Term ~ Φtt in the second equation (1) is connected with
the photon delay. It was omitted on the assumption that the
size of the region of interaction ∆r of photons and electrons is
small and the delay effect ~ (∆r/c)2 can be neglected. In this
regard, it is also logical to drop the term ~c-2 in the first
equation because its taking into account leads to the excess
accuracy. Then the system (2) consists with the Schrödinger
equation for the electron whose spin isn't taken into account,
and the equation for the electric field which is created by
electron itself. Member ~c-2 only introduces additional
nonlinearity.
It is convenient to introduce the variable χ = rϕ ,
equations for which look as follows:
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This system should be supplemented by the boundary
conditions, which we choose as the conditions that electron
wave function at infinity ( r → ∞ ) contains only outgoing
wave.
Let us rewrite the equation (3) in dimensionless form
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Fig. 1. The results of the numerical study of the equations (4) for ν = 0, i.e.
the energy is measured from this level. Initial values are set in the left
turning point: η1 = η2 = 0.1, η1΄ = - η2 ΄= 0.1, U = 0, U΄ = 70.

The results show that the electron which is surrounded by
a cloud of virtual photons ("dressed" electron) is in a quasistationary state, which is separated from the free state ("bare")
electron by potential barrier. Since the value η2 near ρ = 0
varies slowly, the second equation in (4) can be integrated
what leads to

U ( ρ ) ≈ C ln ρ +

Z

ρ

+ B, C = −4π η (0)

2

(5)

Z and В are constants, defined by the boundary conditions.
Due to smallness of η2(0)≈0,02 the behavior of the potential
U is defined by second two terms in (5). For small ρ the main
contribution to the potential gives the Coulomb term, i.e.,
U(ρ ~ 0) ≈Zρ-1, Z has a sense of the real charge of the
electron, shielded by cloud of virtual photons. Make it easier
for all by plotting U(ρ-1)(Fig. 2). Value Z = dU / d ( ρ −1 ) , that
can be numerically estimated for the selected boundary
conditions approximately as Z ≈ -0,6 (in the units of bare
electron charge) and doesn’t vary in the wide range of energy.
For the same data В ≈ 7

30

Yuriy N. Zayko: On the Perturbation Theory in Quantum Electrodynamics Using the Wave Functions of the Dressed States

Fig. 2. Left: the dependence of U(ρ-1). Liner section (large ρ-1) corresponds
to the screened Coulomb interaction at small distances. Right: the screening
charge density (η/ρ)2.

If we measure the energy of the electron from the value of
U at its maximum, then the expression for the energy levels
in the quasi-classical approximation looks as follows [5]:
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To give more credibility to the results one should justify
the choice of the set of boundary conditions for the equations
(4), which is rather complicated independent computational
problem that is not solved yet. We only say that the variation
of these boundary conditions in the wide enough vicinity of
the selected ones leads to a minor quantitative changes in the
character of the solution.
The using of “dressed” states in QED seems useful and
perspective in many purposes. In [9] this states (so called
"Volkov states") are used for the calculation of high order
harmonic generation for hydrogen-like atom in the field of
ultrashort intense laser pulse.
Searching of new methods in the theoretical calculations in
QED is needed because accuracy of experimental measurements
very prevail in comparison with theoretical possibilities, what is
outlined in a number of works [10, 11, 12].

(6)

∫

where n = 1,2,…- is a set of integers bounded above, J –
imaginary action received under the barrier, a and b are the
turning points of the integrand for J >> 1. To receive (6) we
used formulas of connection for quasi-classical solutions on
either side of the potential barrier and the Bohr-Sommerfeld
condition for finding the energy levels [5].
In other words, the electron tunneling under the barrier can
with small but finite probability to get rid of the cloud of
photons and become "bare". Life time of "dressed" electron
∆t can be evaluated with the help of the Heisenberg condition
of indeterminacy ∆t ≥ ћ/∆ε, where ε = εn = Re(ћωn) is the
energy of dressed state and ∆ε = Im(ћωn) is a width of the
state. So the lower bound of the life time may be estimated as
1 / Imν n . The nature of the resulting expression corresponds
to the resonant structure of the scattering processes involving
electrons and photons. The number of these resonances are
determined by the number of quasi-stationary states-solutions
of the Schrödinger equation in the potential U.
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